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MODELING OF SPALLING RUPTURE UNDER SHOCK DEFORMATION. 

ANALYSIS OF AN INSTANTANEOUS SPALLING SCHEME 

N. Kh. Akhmadeev and R. I. Nigmatulin UDC 539.42:620.172.254 

i. Spalling of the rear part of a specimen being loaded [i, 2] is observed during shock 
or explosive loading of metal targets when the shock being generated is of sufficient in- 
tensity and emerges on the free surface. Experimental investigations of this phenomenon in 
[3, 4] are devoted mainly to the determination of the time dependence of the specimen 
strength in the spall section for loads ofduration ~i0 -6 sec. On the basis of the data from 
these experiments, one of the deductions [4] is the determination of the spalling rupture pro- 
cess as a multifocus process, when there occur a large number of microcracks in the tensile 
force zone, which merge in their further development into a single large crack separating 
the specimen into two parts. A group of papers [i, 5-8] represents the results of experi- 
mental investigations of spalling rupture stresses under shock and explosive deformation of 
specimens of different materials. Analysis of these papers results in the following funda- 
mental conclusion: For each of the materials tested there is a significant spread in the 
calculated (by acoustic theory) values of the spalling rupturing stresses, that vary substan- 
tially as a function of the experiment conditions. Part of the spall experiments (see [6, 9], 
say) is devoted to determining the threshold values of the impactor flight velocity corre- 
sponding to the origination of initial damage (or micropores, microcracks) in the tension 
wave, and to the formation of total spalling rupture. It should be noted that because of 
the great complexity and for a more unique treatment, the experiments are performed mainly 
in a plane formulation permitting the clarification of the most characteristic features of 
the phenomenon being studied. Considerable difficulties must also be encountered in a nu- 
merical modeling of the shock and explosive loading of specimens. The mathematical models 
proposed for the nonstationary shockwave flows are a system of nonlinear partial differential 
equations, and they can be investigated completely only by using powerful computers. 

Especially necessary in a numerical investigation of the propagation of an initiated 
shock pulse is taking correct account of the different physicochemical processes occurring 
in the shocks and the rarefaction waves -- for instance, taking account of the elastic- 
plastic and phase transitions resulting in the formation of a multiwave profile of the shock 
pulse, taking account of wave interaction on the contact and free boundaries, etc. The shock 
loading method and the history of flow development can alter the whole wave pattern to a sig- 
nificant extent. Hence, constant correlation of the results of a computation with the data 
of full-scale tests is necessary. An elastic-plastic model of a two-phase continuous medium 
with physicochemical transformations is developed in [i0, II], that permits modeling process- 
es occurring during the high-speed collision of two plates of length ~i and I and complicated 
by phase transformations. Modeling the motion of detonation waves and the loading process of 
iron and nickel specimens by the explosion of a superposed high-explosive charge of crystal- 
line and porous hexogen is executed in [12, 13]. On the basis of the elastic-plastic model 
proposed in [i0, ii], a numerical investigation is performed in this paper for the process 
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of shock loading a steel target by using an impactor, and for the origination of an instan- 
taneous spaliing rupture during interaction of the opposite unloading waves. 

2. The fundamental equations of an elastic-plastic two-phase model in a one-velocity 
and one-temperature approximation for the plane case are a system of differential equations 
of mass conservation of the first and second phases and the equations of momentum and energy 
conservation for the whole mixture [ii]. We represent the equations of the model in La- 

grange coordinates in the form 

(po/p)ap~/at § p~au/Or + (po/p)Z~2 = O, 

(po/p)OpJOt + p2Ou/Or - -  (P0/P)JI~ = 0, (2,1) 

9o8~0t = O~n/Or, Po/P [PlOel/Ot ~ p2OeJOt + (e2 - -  el)J12] = o nou/ar, 

are the mean density of the mixture, and the mean and true density of the where @, p~, p~ 
i-th phase, Ji2 is the velocity of the phase transitions, e i is the specific internal energy 
of the i-th phase, and u is the mass flow rate. We represent the stress tensor oi~ to de- 
scribe flows in elastic-plastic media as the sum of gyrostatic and deviator parts 

o li = --p (P~, T) -~- ~It, (2.2) 

where p is the gyrostatic pressure dependent on the true density pO and the temperature T, 
and T i~ is the stress deviator for which Hooke's law is valid: 

d~n/ dt = 4/3~(p/po)OU/ar. ( 2 . 3 )  

P l a s t i c  f l o w  s t a r t s  when t h e  d e v i a t o r  T l~ r e a c h e s  t h e  y i e l d  p o i n t  T* ( u n d e r  s i m p l e  t e n s i o n  
o r  c o m p r e s s i o n ) ,  and f u r t h e r m o r e ,  i n  c o n f o r m i t y  w i t h  t h e  M i s e s  f l o w  c o n d i t i o n  t h e  c o n d i t i o n  
o f  c o n s e r v a t i o n  o f  t h e  d e v i a t o r  a t  t h e  y i e l d  p o i n t ,  i . e . ,  T ~ = T*, s h o u l d  be  s a t i s f i e d .  The 
c h a n g e  i n  t h e  s t r e n g t h  p r o p e r t i e s  o f  a medium a s  a f u n c t i o n  o f  t h e  s h o c k  i n t e n s i t y  i s  t a k e n  
into account: by the linear relationship 

�9 * = ~o § M (p - -  Po), 

where To*, po is the yield point and the pressure at the Hugoniot point on the shock adiabat 
at which the transition occurs from the elastic to the plastic flow mode; a linear dependence 
on the density pO is usually used for the shear modulus p [i0]. 

The appearance of cracks or spalls of the material being subjected to unloading by ten- 
sile stresses can be taken into account in the model being proposed. The formation of an in- 
stantaneous mainline spall crack upon the achievement of a certain critical spal! stress ~, 
is considered as a first approximation for the origination of tensile stresses in the inter- 
action domain of opposite unloading waves. It is considered that at this point ~, (unknown 
beforehand), where the condition oft > ~, is satisfied, rupture of the continuity of sub- 
stance occurs simultaneously along the whole section, as does separation of the specimen in- 
to two parts with the formation of a free surface on which o~i(l,, t) = 0. Such a schemati- 
zation is perfectly valid for the interaction between opposite unloading shocks (on which 
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the reverse phase transformations are realized), when so-called principal spalls occur in 
extremely narrow zones [14]. 

The recoil of the impactor from the target as soon as tensile stresses appear on the 
contact surface, i.e., for 6n(ll, t)>0, should also be provided for in loading schemes 
with the collision of plates. From this time, Z, is a free surface, and on(l,, t) =0 As 
specially formulated numerical experiments showed, not taking account of the impactor recoil 
can substantially distort the unloading wave at the target, moving away from the impactor, 
in quantitative respects, and this will, in turn, strongly influence the formation of the 
rupturing pulse of tensile stresses. 

The system (2.1)-(2.3) is closed by the equation of state of the mixture phases, which 
was used in the Mie-Gruneisen form [ii], and by the condition of combined phase deformation 
when 

Let us note that for substances in which there are no phase transformations in shocks, the 
second equation in (2.1) drops out, and the relations (2.1)-(2.3) describe the behavior of 
a single-phase substance. The phase transformation kinetics was given by the results from 
[ii] in an examination of shocks in iron or low-carbon steel specimens, and a method of nu- 
merical (through) computation of shock propagation is elucidated briefly there with the in- 
troduction of artificial viscosity in the shock compression zones. 

3. The model considered above with the scheme presented for instantaneous spall was 
used to model the conditions of a series of experiments [15] in which a steel plate (ZI = 
1.06 mm, Vo = 0.96 km/sec) collided with St. 3 targets of different length, namely, 5, i0, 
20, 25, 30, and 40 ram, for the numerical investigation of spalling rupture. The diameter of 
the colliding plates was 120 mm in the first three tests, and 150 mm in the last three. This 
series of tests in [15] is selected to include a large range of target lengths (from very 
short to very long), realized for fixed shock velocities and impactor lengths. The follow- 
ing parameters of a spall plate were measured in the tests: the length Z, and mean flight 
velocity w. The critical rupturing stress, equal to -80 kbar, was calculated in an acoustic 
approximation from the results of the measurements. Results of a numerical modeling of the 
shock loading of targets are represented in Fig. 1 as a diagram of the stress d(r) at dif- 
ferent times t for all six tests, under the assumption that the strength of the specimens 
being tested is sufficiently high so as to clarify the nature of tensile stress formation 
for all allowable stresses being realized under the conditions for the selected series of 
experiments [15]. The dash-dot lines, marked by the ordinal number of the test, show the lo- 
cation of the free target surfaces in tests 1-6 around which the appropriate tensile stress 
pulses are formed (upon reflection of the incident shock). The dash-dot lines mentioned cut 
off a distance equal to the appropriate target length on the r axis. It is seen from the 
computational data presented that the compression shock being formed (after collision of the 
plates) attenuates to a significant extent as it advances into the target bulk, the shock 
amplitude is practically halved (see the diagram for t = 0.8 and 6.4 ~sec), and the width 
of the wave approximately doubled, on the other hand. Computations showed that ~--~e phase 
transformations in the target occur in a shock only in the first 4-6 mm from the contact sur- 
face, and although they do not occur in the total volume, nevertheless in a control version 
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of the computation (without phase transitions) it is clarified that it is impossible to ne- 
glect the influence of phase transformation on shock evolution. The process of shock reflec- 
tion from a free surface is shown in Fig. 1 for the longest target (test 6, Z = 40 mm). The 
tensile and attenuated shock (see the diagram of o(r) for t = 7.2 ~sec in Fig. I) forms a 
strongly spread out tension pulse upon reflection from the free surface, whose growth rate 
is relatively small. Formation of a tensile pulse occurs here between t = 8.30 and t = 8.68 
~sec, then attenuation of the effect of the tensile stresses and tension wave motion from 
the free surface occur. It follows from the results in Fig. 1 that the maximal 
tensile stresses ~ = 114, 96, 74, 64, 56, and 46 kbar, are respectively possible in experi- 
ments 1-6, and are achieved in the times z = 0.06, 0.i0, 0.14, 0.16, 0.18, and0.22 ~sec af- 
ter the appearance of the tensile stresses ~20 kbar. 

The numerical results represented demonstrate sufficiently graphically the process of 
tensile pulse formation as a function of the change in target length for other conditions 
remaining fixed~ The parm~eters of the shock pulse incident on the free surface, the maxi- 
mum value of the pulse amplitude and width, and the configuration of the pulse leading and 
trailing profiles are governing in the formulation of spalling rupture. In all six experi- 
ments, two local maxima which gradually come together and later grow into one maximum are 
formed on the c-ryes o(r) in Fig. 1 in the unloading zone. The greatest tensile stresses 
o,(r, t) achieved at each instant are marked by dashed lines. The left maximum is greater 
than the right in the first and sixth experiments. This is caused in the first case by the 
arrival of a short and strong shock pulse in the first case, and in the sixth by the fact 
that a strongly spread out and considerably attenuated shock pulse arrived at the free sur- 
face. It follows from Fig. 1 (see the dashed lines) that if a certain quantity o, is given 
(for which spall occurs as soon as it is reached), then as ~, increases to a definite limit 
the quantity Z, will diminish in tests 1 and 6 and on the other hand increase in tests 2- 
5| By knowing the experimental value of Z~ and constructing the computed dependence of o, 
on Z,, it is possible to try to clarify whither there is a certain single value of the spall- 
ing rupturing stress o, which would simultaneously satisfy all the experiments, or by find- 
ing the domain of allowable values of spall stresses ~, in each experiment, would it be pos- 
sible to isolate a common zone of critical stresses ~, from them. The authors of this paper 
were guided by precisely these considerations in the initial formulation of the numerical 
experiments. 

Results of comparing experimental and computed spall lengths ~, as a function of the 
tensile stresses o are represented in Fig. 2 for all six tests. The dashed lines show the 
allowable w~lues of the experimentally measured spall plate lengths with the limits for the 
errors in measuring Z, indicated in [15] taken into account. The continuous line is the nu- 
merical results, the hatched domain is the domain of possible spalling stresses a,. The re- 
sults of the comparison indicate that if the spall plate length Z, is determined with suffi- 
cient accuracy in experiments, then there is no single zone of intersection between all the 
domains found for possible ~, and there is no single critical stress ~, which could be used 
to make all the experiments of the series under consideration agree. Moreover, a large num- 
ber of the test computations performed also showed that upon being given a certain single 
value of ~,,. it is impossible to make computation and experiment agree satisfactorily~ An 
analysis of the papers [i, 5-8] in which critical rupturing stresses were calculated f~om 
measurement data confirms this same deduction. Taking account of existing experimental facts~ 
the present results afford a possibility of formulating the following deduction: its own 
value of o,~ dependent on the specific conditions of the experiment, is realized in each ex- 
periment. For tests in which a comparatively rapid growth of the tensile pulse is observed, 
in the time T~0.10 ~sec afterappearance of tensile stresses ~ ~20 kbar (see tests 1 and 
2 in Figs. 1 and 2), the critical spall stress is realized for o > 40 kbar. Computations 
showed that the spall stress o, = 60 kbar describes tests 1 and 2 well. As the time of ten- 
sile stress growth increases, the quantity o, decreases and for T~0.20 ~sec (see tests 4, 
5, and 6 in Figs. 1 and 2) ~, is of the order of 20 kbar. 

Attention should be turned to the sixth experiment in which the experimental length l, 
is possibly substantially reduced. This same tendency is followed, although to a lesser de- 
gree, for tests 4 and 5, which differ from the first three by a rather exaggerated diameter 
of the colliding plates. Let us note that in the experiments with explosive loading [15] of 
St. 3 obstacles, as the length of the obstacle Z varied in the same range from 5 to 40 mm, the 
quantity Z, increased correspondingly from 1.5 to 5 mm. As is shown in [13], loading schemes 
with a superposed high-explosive charge result in the formation of a stretched-out triangle 
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of the shock pulse in the obstacle with a spread-out unloading wave profile and more rapid 
shock attenuation than during the collision of plates. In experiments [15] with the impact 
of a plate, the length of the spall plate Z, varies from 1.5 to 2.2 mm for the same target 
lengths, and there are generally no special reasons for such an abrupt diminution in Z, (from 
5 to 2.2 mm) in long targets as a function of the change in the loading method. Results of 
comparing the computed and experimental data on two parameters controllable in the experi- 
ment, the length Z, and the mean velocity of the plate flight w, are shown in Fig. 3. Ex- 
perimental results [15] with the stipulated errors in measuring ~, and w taken into account 
are superposed in the form of rectangles, and results of a numerical modeling of the spall 
of a plate obtained each time for different a, by circles. As before, the computation and 
experiment for the first three tests correlate sufficiently well, rather worse for the fourth 
and fifth tests, and there is a significant discrepancy for the sixth test. The results in 
Fig. 3 show that more real values of l,.for tests 4, 5 and 6 are values for their lower bound 
of 2.1, 2.4, and 3.3 mm, respectively, for which ~.~35 kbar. Discussion of this discrep- 
ancy between the computation and the test with the author of the experiment [15] showed that 
in long targets (~30"40 mm) the spall is characterized by the formation of a porous structure 
in layers lying closest to the spall surface, where the width of the porosity zone 
increases with the increase in the target length (for a fixed material, impactor length, 
and shock velocity); short targets are characterized by a rough spalling surface. The length 
of the plate in [15] was calculated by the mass of the conserved part being spalled with an 
appropriate reduction to the mass of a continuous specimen. Losses of some mass of the plate 
during spall formation and not taking account of the presence of a porous zone around the 
spall plane (up to 20% of Z,) could result in the reduction of the length l, of the spall 
plate in [15]. 

4. The instantaneous spall model considered above was also used in application to the 
conditions of an experiment [7] in which an aluminum plate (Zz = 2 mm, Vo = 1.31 km/sec) and 
a low-carbon steel plate (Z = 9.9 r~n) collided with a plane collision diameter of 50 mm. Os- 
cillograms of the velocity of the rear free target surface were obtained with good accuracy 
by a capacitive transducer in [7], and what is quite important, several fluctuations in the 
free surface velocity were determined for the spall plate which had already separated from 
the target. This permitted making a detailed qualitative and quantitative analysis of the 
experimental velocity profile of the target free surface V(t) in [7]. The value of this ex- 
periment for the purposes of this paper is, as before, that it permits comparing the results 
of numerical experiments on the change in the target free surface velocity, and then on the 
part being spalled directly with thedata of the test oscillogram. Model experiments were 
performed for targets of length Z = 9.9 mm, in which all the processes that occur can be con- 
sidered planar with a great degree of reliability. The computed data showed that the nature 

of the shock flow development for the conditions of the experiment in [7] is close to the 
data of the test 2 of the experiment examined earlier [15] (see the o(r) diagram for test 2 
in Fig. i). The process of tensile stress pulse formation is also characterized by the forma- 
tion of two local maxima that then grow into one maximum at a depth of +1.75 mm from the 
outer free surface of the target. 
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Computed dependences of the stress s on the time t are represented in Fig. 4 for sev- 
eral fixed target sections marked by numbers corresponding to the distance of a section from 
the external (free) surface of the target in millimeters. It is seen that the greatest 
growth in the tensile stresses (and the greatest strain rate correspondingly) is at the depth 
1.75 mm (curve 2), and in precisely this section it is completely possible to expect the for- 
mation of a mainline crack and the spalling of part of the target of length l, = 1.75 mm, 
which is in agreement with the results of the experiment [7]. The data represented in Fig. 
4 indicate the strong dependence of the magnitude of the critical rupturing stresses in the 
spall section on the time of their action and on the strain rate. Here the more rapid the 
unloading, the higher the rupturing stresses that can be reached by the material because of 
overstretching which is possible because of a certain lag in crack formation. 

An instantaneous spall diagram is displayed by lines 1-3 in Fig. 4. From the time of 
the appearance of tensile stresses, a point corresponding to the maximum of the tensile 
~,(r, t), reached at each time t by different target depths, moves along the dashed line 1 
which then goes over into the curve 2. On reaching a given separation stress o, at the time 
t,, instantaneous spall occurs (along the line 3), and the formation of a free surface and, 
besides, the stress o(l,, t) = 0 for t > t,. If it is taken into account that the spall zone 
is characterized by damage formation, microcracks, and micropores, which are sources for the 
reduction of[ the effective stresses [16], then growth of the tensile stresses in time will 
be less in the spall section (for instance along line 4), than along the solid substance 
(line 2). ]its position changes towards diminishing ~ and the growth curve of the maximal 
tensile stresses ~,(t) towards line i. The specific form of the dependence ~(r~ t) in the 
rupture zone is determined by the kinetics of microdamage formation and growth. 

As is seen from Fig. 4, as the value of theseparating stress ~, varies, different val- 
ues of the spall depth can be obtained. However, it is not clear beforehand whether the com- 
plex of computed quantities ~,, l, and fundamental characteristics of the time dependence 
V(t) of the flying spall plate will satisfy the data of full-scale experiments. In this con- 
nection, a number of computations have been performed for the conditions of the experiment in 
[7], in which the velocity of the outer free surface of the target was specially tracked.- 
The numerical free surface velocity profiles obtained for the target in the computation s and 
its part being spalled are represented in Fig. 5 in the form of the lines i, 3, and 2, and the 
comparable experimental profile V(t) from [7] is shown by dashes. The computed profile of 
the free surface velocity profile for a target not experiencing spall under tension is marked 
by the dash-dot line 4. The computed spall time after collision t, = 2.36 ~sec is shown by 
the vertical dashed line on the t axis and on the profile V(t). The best approximation to 
the experiment in [7] is obtained when o, = 50 kbar (curve 1). Comparison of the period of 
vibrations V(t) and the mean value of the plate flight velocity w with the test curve indi- 
cates the values of l, and w that agree completely with test. Approximate computations 
showed (curves 2 and 3 in Fig. 5) that an increase in ~, results in still greater mismatch 
between the values of the oscillation amplitude V(t) after spall (line 2 corresponds to ~, = 
70 kbar), but here the mean velocity of the flying plate w diminishes because a certain part 
of the pulse would still succeed in going over to the target for a rise in o,. At the same 
time l, and the period of the fluctuation would increase, and the diminution of ~, (line 3 
in Fig. 5 corresponds to ~, = 40 kbar) will result in an increase in w and a diminution in 
the amplitude of the oscillation V(t) of the length of the spall plate l,, and of the period 
of fluctuation. The available relatively small difference between the computed (curve 1 for 
o, = 50 kbar) and experimental amplitudes of the velocity fluctuations V(t) is completely ex- 
plainable if it is taken into account that the spall process can occur along line 4 of Fig. 4 
(because of the influence of microdamage). 

Therefore~ the results represented above show that the instantaneous spall scheme ex- 
amined will satisfactorily describe the spall being realized during a rapid growth of the 
tensile stresses in sufficiently strong waves with stresses on the order of 80 kbar (for in- 
stance, during collisions of intense unloading waves, experiments 1 and 2 in [15] and the ex- 
periment ex&umined in [7]). To describe spalls in waves of lesser intensity (for example~ 
experiments 3-6 in [15]), characterized by the formation of microdefects during the action 
of a tensile stress pulse, it is necessary to introduce the kinetics of formation and accu- 
mulation of microcracks and micropores~ which are sources of reduction of the acting stresses. 

The authors are grateful to G. I. Kanel' and A. M. Molodets for useful discussion~ as 
well as to M. G. Stadnik and A. T. Khamatdinova for assistance in performing the numerical 
experiments. 
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